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Abstract 

A notion of selective coideal on (FINj^°\ <) (see definitions be- 
low) is given. The natural versions of the local Ramsey property and 
the abstract Baire property relative to this context are proven to be 
equivalent, and it is also shown that the family of subsets of FIN^ 
having the local Ramsey property relative to a selective coideal on 
(FIN^ , <) is closed under the Souslin operation. Finally, it is proven 
that such selective coideals satisfy a sort of canonical partition prop- 
erty, in the sense of Taylor [16] . 

1 Introduction 

Let N be the set of nonnegative integers. For a given A C N, let A^-' 
{X C A : \X\ = oo}. Consider the sets of the form: 
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[a, A] = {B G N [oo] :aC5CaUA} 

where a is a finite subset of N, A G N [oo] and a C B means that a is an initial 
segment of B. The relativized version of the completely Ramsey property 
(see jl]) for subsets of known as local Ramsey property, is described as 
follows: 

For a family H C N [oo] , a set ^ C N [co] is said to be H-Ramsey if for 
every [a, A] with AgW there exits B e H H [a, A] such that [a, B] <Z X or 
[a, B] n <-f = 0. A" is said to be Ti-Ramsey null if for every [a, A] with A G 7i 
there exits 5 G H H [a, A] such that [a, 5] n X = 0. 

In [7] , Mathias introduces the happy families (or selective coideals) of subsets 
of N and study the local Ramsey property relative to such families. He proved 
that the analytic subsets of N' 00 ' are W-Ramsey when ti is a Ramsey ultrafilter 
and generalized this result for arbitrary happy families. In this work, a notion 
of selective coideal on (FIN k °°\ <) is given in order to obtain results which 
are analog to those of Mathias, in this context. The structure of this work 
is as follows: in section [2] we present the definition of FINk, FIN k °°^ and 
related notions, give some notation and state some useful known results. 
In section E] our notion of selective coideal on (FIN^°\<) is given. The 
corresponding local Ramsey property is also introduced in this context and 
it is proven to be equivalent to the abstract Baire property, when relativized 
to a selective coideal on (FIN^°\ <). In section H] we prove that, relative 
to a selective coideal on (FIN% \ <), the family of locally Ramsey subsets 
of FIN^° is closed under the Souslin operation, showing in this way that 
this family includes the analytic subsets of FIN^ . A particular case of our 
results yields a selective version of Milliken's theorem (see [H]). Finally, we 
use these facts to show that every selective coideal on (FIN^°\ <) satisfies 
a sort of canonical partition property, in the sense of Taylor [16J. 

2 Preliminaries 

Fix an integer k > 1. Given p: N —>■ {0,1, ... ,k}, denote supp(p) = 
{n: p(n) ^ 0} and rang(p) the image set of p. Consider the set 

FINk = {p- N — ► {0, 1, . . . , k} : \supp{p)\ < oo and k G rang{p)} 
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we say that X = (x n ) ne j C FIN/., with X G V(N) is a fraszc block sequence 
if 

n < m => max(supp(x n )) < mm(supp(x m )) 

The length of X, denoted by |X|, is the cardinality of X. For infinite basic 
block sequences (i.e., basic block sequences of infinite length) we assume that 
X = N. Define T: FIN k -> FIA^ by 

T(p)(n) =max{p(n) — 1,0} 

For j G N, T^) is the j-th iteration of T, i.e., T^(p) = p and T"^' +1 ^(p) = 
T(TV'(p)). Given a basic block sequence A = (a„) ne j we define [A] C FIN k 
as the set which elements are of the form 

rW(o BO )+^(a ni ) + -+TW(o nr ) 

with no < ni < • • • < n r G X, jo < ji < • • • < j r G {0, 1, . . . , k}, and ji — 
for some % G {0,1,..., r}. Denote by FIN k °° ] (resp. F/X^ 001 ), the set of 
infinite (resp. finite) basic block sequences. Also, denote by FIN k n ^ the set 
of finite basic block sequences of length n. For A, B G FIN k , define 

A < B & A C [B] 

if a= r ai, a2, • • • ) G FIN^°\ for every integer n > 1, denote 

A \n := (ai, a 2 , . . . , O G F/xf 1 

and A \ := 0. We say that a G FIN k <co ^ is compatible with A (or A is 
compatible with a) if there exists B < A such that a = B for some n. In 
this case we say that a is an initial segment of i? and write a C B. Denote 
by [A][<°°] (resp. [A]™) the set of those members of FIN [ k <Qo] (resp. FIN [ k ] ) 
which are compatibles with A. The following is a well known result: 

Theorem 1 (Gowers [S]). Given an integer n > and 

f: FIN k ^ {0,1,... ,r-l} 
there exists A G FIN k °°^ such that f is constant on [A] . 
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□ 

For k — 1, theorem [I] reduces to Hindman's theorem [6]. 

Fix A E FIN [ ™ ] . For a = (a u . . . , a n ), b = (b x , . . . , b m ) E [A]^ <co \ write 
a <a b to mean max(supp(a)) < min(supp(b)) . Notice that if a <a b then we 
can build the "concatenation" c = a^b = (a 1; . . . , a n , 61, . . . , b m ) 6 FIN^ 00 . 
For S < A and a 6 [A] [ <0 °], define 

[£][<-] /a = {6 G [fi][<°°] : a< A 

B/a = {5eB:a<A 6} 
and the "Ellentuck type" neigborhood 

[a, B] := {C e FIN [ ™ ] : a C C and C/tx C [£]} 

Notice that if a e [-B]' <00 ' then 

[a, fl] = {Ce Fi7Vf° ] : a C C and C < £} 

Also, let 

[o,B]W :=|J{[qN :Ce[a)j B ]} . 

and 

[ aj B][<°°] = |J[a,B]W. 

n 

3 Selectivity 

The following definition is inspired on the known notion of coideal. The same 
name will be used: 

Definition 1. We say that ft C FIN [ ™ ] is a coideal on (FIN^°\ <) if it 
satisfies the following: 

1. If A < B and A G ft then Z? G ft. 

2. Given A G ft and O C [4], there exists B e ft, with 5 < A, such that 
and [£] C O or [£] C C c . 
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Notation. H\A 



= {B e H : B < A}. 



Remark. Notice that part 2 of the previous definition implies that every 
coideal satisfies a local version of Gower's theorem. Also, we are only inter- 
ested in coideals satisfying the following: 

VA G ft Va G [A} [<oo] (B G U\A B/a G ft) 
Intuitively, this means that ft is closed under finite changes. 

For the next two definitions, fix a coideal ft C FIN^. 

Definition 2. X C FIN k °° ] is ft-Ramsey if given A G ft and a G FIN l k <Qo] 
there exists B G [a, A] n ft such that [a, B] C or [a, 5] C Af c . If given 
A G ft and a G FIN [ k <oo] there exists 5 G [a, A] n ft such that [a, B] C A" c , 
we say that A" is ft-Ramsey null. 

Definition 3. X C FIN k °°^ is ft-Baire if given A G ft and a G FIN [ k <oo] 
there exists [6, 5] C [a, A], with 5 G ft, such that [6, B] C A" or [6, 5] C X c . 
If given A G ft and a G FIN k <co] there exists [6, £] C [a, A] with B G ft, 
such that [6, 5] C A" c , we say that X is ft-meager. 

It is clear that if X is ft-Ramsey then X is ft-Baire. 

We say that a sequence (A n ) n > C FIN k °°^ is decreasing if Ai+i < v4 n for ev- 
ery n. We say that £? G FIN k °°^ is a diagonalization of the sequence (A n ) n > 
if for every 6 G -B, if n = max(supp{b)) then B/b C L4 n ]. Notice that for such 
we have [6, 5] C [6, A n ] for every b G [B][ <00 J with n = max(supp(b)) > 0. 
Also, notice that every degreasing sequence has a diagonalization. 

Definition 4. A coideal ft C FIN k °°^ is selective if for every decreasing 
sequence (A n ) n > C ft there exists B G ft such that I? is a diagonalization 
of the sequence (A n ) n > . 

The main result of this work (theorem [3] below) consists of using our notion of 
selectivity to obtain a characterization of the ft-Ramsey property in terms of 
the ft-Baire property, in order to translate some important results concerning 
the locally Ramsey subsets of N^ 00 ' to the context of FIN k . For instance, 
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we will show that analytic subsets of FIN^ (with the product topology, 
regarding FIN^ as discrete space) are 7i-Ramsey, whenever TC is selective. 

Proposition [I] below is a version for FIN [ ™ ] of a result due to Mathias ([?]) 
concerning selective coideals on N. It provides some interesting examples of 
selective coideals on (FIN^°\ <). Our proof of it is similar to Todorcevic's 
proof of Mathias' result (see [TT]). 

Definition 5. A, B G FIN [ ™ ] are almost disjoint if \[A] n[B]\ < oo. Also, 
(Sj-)j<m C FIN^ almost covers A if A C* U.xJ^]- 

Proposition 1. Let ^4 be an infinite collection of almost disjoint members of 
FIN^°K Define TC as the family of those members of FIN^ which cannot 
be almost covered by any finite subset of A. Then TC is a selective coideal. 

Proof. It is easy to prove that TC is a coideal. To see that it is selective, 
consider a decreasing sequence (4 n ) n > C TC. We split the discussion into 
two cases. 

Case 1: There exists an infinite sequence (C m ) m of distinct members of 
A such that \[C m ] H [A n ]\ = oo, for every m and ra. Build B G FIN^ as 
follows: 6 = I" 1- Let n = max(supp(b )) and choose &i G L4 n J fl [C ]/&o- 
Suppose that bi has been defined and let rii = max(supp{bi)) . Consider 

rrii = max{j : 2 J is a divisor of i} 

and choose 6 m G [A n% ] n [C mi ]/6j. Then 5 = (6 X , 6 2 , . . . ) G FIN [ ™ ] is a diag- 
onalization: since (v4 n ) n >o is decreasing, if b G [5]' <00 1 and max(supp(b)) = n 
then B/b C [A n ]. Also B &TC, since |£? fl [C m ]| = oo for infinitely many m's. 

Case 2: There is no (C m ) m C ^4 as in case 1. Choose a diagonalization i? 
of (A n ) n > . If -Bo G ?i we are done. Otherwise there is (Dj)i<j C ^4 such 
that i?o Ui<j[A]- Choose a diagonalization S a of (A n \ Ui<j[A])n>o ^ 
TC. If Bi e TC we are done. Otherwise there is (i*i)i<j C ^4 such that 
-£>i C* Uj^-pFj]. And so on. This process stops after finitely many of steps, 
otherwise we would be in case 1. □ 

Before stating and proving our main result, we will prove theorem [2] below, 
which is a sort of local version of the corresponding Galvin lemma (or Nash- 
williams theorem) for selective coideals on (FIN^ ,<). First, we need to 
define the following combinatorial forcing: 
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Fix T C FIN l <°° 1 . We say that B <E H accepts a G FINj^°° l if for every 
B' G [a, 5] there exists b G such that 6 C S'. We say that B rejects a if 
no element of [a, B]n7i accepts a; and we say that B decides a if B either 
accepts or rejects a. This combinatorial forcing has the following features: 

Lemma 1. 1. If B accepts (rejects) a, then every B' G TC\B accepts 
(rejects) a. 

2. Given B G Ji and a G FIN^°°^ there exists B' G H. \B which decides 
a. 

3. If B accepts a then B accepts every b G [a, B]" a ^ +1 \ 

4- If B rejects a then there exists B' G [a, B] D Ti such that B does not 
accept any b G [a, 5'][l a l+ 1 ] . 

Proof. 1-3 follow from the definitions. To see 4 let 

O = {b G FIN [lal+1] : B accepts b} 

Notice that, being 7i a coideal, there exists B' G [a, B] H Ji such that 
[a,Bf a ^ C O or [a, B'pl+i] C C c . Suppose that [a, J B / ][l a l+ 1 l C O. Since 

[a, B'] = |J [6, fi'] 

66[a,B'][|o|+l] 

we have that 5' accepts a, which contradicts the fact that S rejects a. There- 
fore, [a, _B'] [|a|+1] C C c and hence B does not accept any b G [a, E'] [|a|+l1 . 

□ 

Lemma 2. Given a selective coideal 7i on (FIN^° ,<), A G Ti and T C 
FIN^ 00 ^, there exists B £ Ti\A which decides every b G [-B]' <00 '. 

Proof. We shall build a decreasing sequence (A/)j>o ^ WfA, in the following 
way: by applying part 2 of lemma [1] to A and we find A G 7i\A which 
decides 0. Suppose that we have defined Aj. List 

Tj = {a , m, . . . , a nj } = {a G L4]^ <oc ' : max(supp(a)) = j} 

By applying part 2 of lemma [1] to Aj and a we find Bi G 7i\ Aj which 
decides clq. Now, apply part 2 of lemma [TJ to Si and a\ to obtain i? 2 G Tl\Bi 
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which decides a±. Following in this way we obtain B n . G Tl\B n ._i which 
decides a n .. Define Aj + i = B n . It is clear that A m+ i decides every b G 
(U m <j +1 JF m) U W- Let B G H be a diagonalization of (^)j>o- Then if 
6 G [£>][ <0 °] and max(supp(b)) = n, since [b, B) C [6, A n ] and v4 n decides 6, 
we have that S decides 6. □ 

Theorem 2. Given a selective coideal 7i C FIN^°\ A G 7^ and JF C 
FINj^°°\ there exists B G 7ifA snc/i t/iat one o/ £/ie following holds: 

1. [ J B][ <oo lnJ !r = ; or 

2. VC G [0,5] (a: C). 

Proof. Consider B as in lemma [21 If B accepts part 2 of the theorem holds. 
Assume that B rejects and define A = B. Apply part 4 of lemma [I] to 
B and to obtain A\ G TC\B which rejects every b G [Ai] U {0}. By an 
argument similar to that of the proof of lemma [2] we can find A 2 G H.\A\ 
which rejects every b in 

|J [a,A 2 )M U[A 1 ]U{0} 

ae[B] 

In the same way we can obtain A% G TC\A2 which rejects every b in 
|J [a,A 3 ]W u |J [a,A 2 ]M u [A,] U {0} 

ae[B][ 2 ) ae[B] 

Following in this way we build a decreasing sequence (A n ) n > CH\A such 
that for every n, A n rejects every b in 

n-1 

|J |J [a,A i+1 ]^] U [A 1 ]u{0} 
i>o e[B]M 

Let -B' G 7i|\B be a diagonalization of (A n ) n >Q. Then 5' is as required. In 
fact, if b G [.£?'] [ <0 °] and max(supp(b)) = n then, since n > \b\, we have 

[b,B']C[b,A n ]C[b,A lb{ ]C |J [ Q ,A| 6 |] 

Thus rejects 6 and hence 5' rejects b, too. Therefore, no element of 
[ <0 °] j s j n This gives us part 1 of the theorem. □ 
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In a similar way we can prove the following generalization of theorem [2J 

Lemma 3. Given a selective coideal H C FIN [ ™ ] , A G H, T C F/iVj <001 
and a G FINj^ 00 ^, there exists B G [o,A]nW smc/i i/iai one 0/ £/ie following 
holds: 

1. [a,Bf <00 ^ = 0, or 

2. VC G [a, 5] (3 6 G JF) (6 c C). 

□ 

Now we state the main result of this work. 

Theorem 3. Let 7i be a selective coideal on (FIN^°\ <). 

1. X C F/iVf 01 H-Ramsey iff X is H-Baire. 

2. X C FINj^ is Ti-Ramsey null iff X is Ti-meager. 

Proof. Given a selective coideal 7i, let <Y be an H-Baire subset of FIN^°\ 
Fix [a, A] with AeH and define 

F Q = {be FIN [ <°° ] : a □ 6 and [6, A] C 

Consider _B as in lemma [3] applied to JF , a and 5. If part 2 of lemma [3] 
holds then [a, So] ^ X and we are done. Otherwise define 

T x = {b G [5 ] [<oo] : a □ 6 and [6, B„] n X = 0} 

Consider B\ as in lemma [3] applied to a and I?o- If part 2 of lemma [3] 
holds for B\ then [a, £1] n X = and we are done. We claim that 1 from 
lemma [3] is not possible for B\\ assuming 1 for B\ we obtain B2 as in lemma 
|3] applied to U T\, a and B\. Suppose part 2 holds for B 2 . If b G JF U T\ 
and 6 = C \ n for some C G [a, S2] and some n, then 6 G [a, 5 ]^ <o °^ H JF or 
b G [a, Si] [ <oc ^ PI T\ which contradicts our assumptions. Therefore part 1 of 
lemma [3] holds for B2, but this contradicts the fact that X is 7i-Baire. This 
concludes the proof. □ 

For k — 1, theorem [3] gives us a selective version of Milliken's theorem 

Remember that FIN^ can be viewed as a metric subspace of FIN^, the 
space of sequences of elements of FIN/,, with the product topology regarding 
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FIN k as a discrete space. The basic open sets for the metric topology on 
FIN^ are of the form: 

[b] = {Ae FIN [ ™ ] :buA}. 
For b G FIN^°°\ Then, we have the following: 

Corollary 1. If H. is a selective coideal on (FIN^°\<) then every metric 
open subset of FIN^ is Ti-Ramsey. 

Proof. Let X be a metric open subset of FIN^ and fix a nonempty [a, A] . 
Without a loss of generality, we can assume a = 0. Since X is open, there 
exists T C FIN [ k <oo] such that X = \J be:F [b). Let B < A be as in lemma H 
If (1) holds then [0, B] C A" c and if (2) holds then [0, 5] C X. □ 

The following could be easily obtained from theorem [3] (or corollary [1]) . Yet, 
we prefer to give a proof of it by means of theorem [2] to avoid a "detour 
through the infinite" : 

Theorem 4. Suppose that 7i C FIN^ is a selective coideal and fix hgN. 
Then, given a partition f: FIN^ — > {0, 1} and A G there exists B G 
such that f is constant on [B]^. 

Proof. Define T = / _1 ({0}) and consider B G 7i\A as in theorem [2j If part 
1 of theorem [2] holds, then /([-B] [n] ) = 1. Otherwise, f([B]^) =0. □ 

Definition 6. A coideal 7i on (FIN^°\ <) is said to be Ramsey if for every 
subset S of FINf\ there exists B G H such that [B]® C 5 or bS]^ n<S = 0. 

Thus, theorem H] assures us that every selective coideal on (FIN^°\ <) is 
Ramsey 

4 The Souslin operation 

Recall that given a set X and a family JF of subsets of X, two subsets A, B 
of X are said to be compatible with respect to T if there exists C G JF such 
that C C A n B. The family JF is said to be M-like if for Q C JF with 
|£7| < |.F|, every member of JF which is not compatible with any member of 
Q is compatible with X \ |J Q. Also, recall that a cr-algebra ^4 of subsets of 
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X together with a cr-ideal Aq C A is a Marczewski pair if for every A C X 
there exists G .4 such that A C and for every 5 C \ A, 

Bei^5e Aq. 

The goal of this section is to show that the family of ft-Ramsey subsets of 
FINfr is closed under the Souslin operation when H is a selective coideal. 
Given a family (<^a) agF/7V [<°°] of subsets of FIN^°\ the result of applying the 
Souslin operation to this family is: 

[J P| %A\n 
AeFIN 1 ™ 1 neN 

The following is a well known fact: 

Theorem 5 (Marczewski). Every a -algebra of sets which together with a 
a-ideal is a Marczeswki pair, is closed under the Souslin operation. 

□ 

The following proposition shows that the family 1Z{H) of 7i-Ramsey subsets 
of FINf?° is a cr-algebra and the collection TZ (H) of ft-Ramsey null subsets 
of FINfr is a cr-ideal of it. 

Proposition 2. If ft C FIN [ ™ ] is a selective coideal on (FIN [ ™ ] , <) then 
the families of ft-Ramsey and ft-Ramsey null subsets of 1Z are closed under 
countable union. 

Proof. Fix A G ft. The proof will be made for [0, A] without a loss of 
generality. Suppose that (X n ) n > is a sequence of ft-Ramsey null subsets of 
1Z. We can also assume that X n C X n+ i for all n without a loss of generality. 
Since every X n is ft-Ramsey null, by an argument similar to that of the proof 
of lemma [2] we can build a decreasing sequence (5 n ) n > C ft \ A such that 
[a, B n ] n X n = for every a G L4][ <00 J with max(supp(a)) = n. Let B G ft a 
diagonalization of (-B n ) n > . Then, for every n we have that [0, B]DX n = 0. In 
fact, for a fixed n and C G [0, B] choose a \Z C such that max(supp(a)) > n. 
If m = max(supp(a)) then [a, B m ] fl rY m = and therefore [a, B m ] fl X n — 0. 
Hence C g i.e., [0, 5] n[J n ^ = 0. 

Now, suppose that (X n ) n > is a sequence of ft-Ramsey subsets of FIN^ 
and consider [a, A] ^ with A G ft. If there exists .B G ftfA such that 
[a, B] C <Y n for some n, we are done. Otherwise, using an argument similar 
to the one above, we prove that [J X n is ft-Ramsey null. □ 
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Given a selective coideal H C FINj^ , in order to show that (1Z(H) ,lZo(H)) 
forms a Marczeswki pair it is sufficient to prove the following (see [12], [13] 
or0): 

Proposition 3. Let 7i be a selective coideal on (FIN^°\ <). Assuming 
CH, the family 

:= {[a, A] : a G FIN [ ™ ] , A <E H} 

is M-like. 

Proof. Consider B C ExpiTL) with |£>| < |-Exp(7Y)| = 2 H ° and suppose that 
[a, A] is not compatible with any member of B, i. e. for every B G £>, Bfl[o, A] 
does not contain any member of Exp(7i). Notice that every X G Exp(7i) is 
7i-Baire and therefore it is 7i-Ramsey. We claim that [a, A] is compatible 
with FIN^ \ [JB. In fact: By proposition [2j [J£> is 7i-Ramsey. So, there 
exist £> G H \ A such that: 

1. [a,B] C Ji3 or 

2. [a, 5] CMf 1 \[J8 

1 is not possible because [a, A] is not compatible with any member of B. This 
completes the proof. □ 

Corollary 2. Assuming CH, ifTi is a selective coideal on (FIN^°\ <) then 
(lZ{7i) ,1Zq{7{) ) forms a Marczeswki pair. 

□ 

Now we use the following result due to Platek [13] : 

Theorem 6. The use of CH can be eliminated from the proof of any state- 
ment involving only quantification over the reals and possibly some fixed set 
of reals as a predicate. 

□ 

Since the statement 

"U AeFIN w (~)nen x A\n is not ^-Ramsey" 

is false under CH by theorem [3J and it has the required form in theorem [61 
we have the following: 
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Corollary 3. IfH is a selective coideal on (P/iVj, , <) then (1Z(H) ,1Zq(H) ) 
forms a Marczeswki pair. 

□ 

Corollary 4. The family of Ti-Ramsey subsets of FIN^ is closed under 
the Souslin operation, if TC is a selective coideal. 

□ 

In the following result, "analytic" refers to the metric topology on FIN^°\ 
In virtue of corollaries [1] and H] we have the following: 

Corollary 5. Analytic subsets of FIN^ are 7i -Ramsey. 

□ 

5 Parameterized versions 

In this section we give parameterized versions of theorems [2j [3] and corollary H] 
(see [10J). Denote by P, the family of perfect sets of 2°°. For x = (x n ) n G 2°°, 
x\k = (xq,X\, . . . For u G 2 <oc , let [u] = {x G 2°° : x C u] and let \u\ 

denote the length of u. If Q G P, we denote by Tq its asociated perfect tree. 
Given u G 2 <co , let Q{u) = Q fl where u(Q) is defined as follows: 

0(Q) = 0. If u(Q) is defined, find a G Tq such that a is the C-extension 
of u(Q) where the first ramification occurs. Set (vTi)(Q) = a^i, i = 1,0. 
Where is concatenation. Then, for every n, Q = \J{Q{u) : u G 2 n }. 
Given n G N, we consider the following partial ordering on P: given perfect 
sets P and Q we say that P C n Q if P{u) C for every w G 2 n . If for 

every it G 2 n we have chosen a. P u C then P = |Jue2™ ^ s perfect 

and we have P(w) = P u and P C n Q. Property of fusion: if Q n+ i G n+1 Q n , 
nGN, then the fusion Q = f] n Q n is a perfect set and Q C n Q n , for each n. 

Recall the notions of perfectly Ramsey and perfectly Baire sets. 

Definition 7. X C 2'°°^ x FIN^ is perfectly Ramsey if given A G 
FIN [ ™\ a G FIN [ k <co] and M G P there exist P G PfM and B G [a, A] such 
that P x [a, P] C X or P x [a, P] C If given A G FIN [ ™\ a G FIN [ ^°° ] 
and M G P there exist P G PfM and P G [a, A] such that [a, P] C A" c , we 
say that X is perfectly Ramsey null. 
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Definition 8. X C FIN k is perfectly Baire if given A G FIN 1 ™ 1 , a G 
FIN l<°°] and m e P, there exist P G PfM and [6,5] C [a, A], such that 
P x [6, P] C A" or P x [6, P] C ;f c . If given A G FIN l ™\ a G FIN [ k <oo] and 
M G P, there exist P G PfM and [6, P] C [a, A], such that P x [6, P] C X c , 
we say that ^ is perfectly meager. 

Consider the following local versions of these notions: fix a coideal 7i C 
FIN [ k °° ] . 

Definition 9. X C 2[°°] x P/ivf ' is perfectly ^-Ramsey if given AgH, 
a G FINl <oo] and M G P there exist P G PfM and P G [a, A] n H such that 
P x [a, B] C # or P x [a, P] C If given A G H, a G P/iVj <001 and M G P 
there exist P G PfM and P G [a, A]nH such that P x [a, P] C X c , we say 
that is perfectly 7i— Ramsey null. 

Definition 10. X C P/ivj, 00 ' is perfectly 7i— Baire if given A G 7i, a G 

FJA/ -[<oo] M e p ; there exigt p e p^ M and ^ £] <- ^ with B g 

such that P x [6, P] C # or P x [6, P] C If given A G W, a G FIN [ k <oo] 
and M G P, there exist P G PfM and [6, P] C [a, A] with B e H, such that 
P x [b, P] C A? c , we say that X is perfectly H— meager. 

To obtain a parameterized version of theorem [2J we define the following 
combinatorial forcing: Fix a selective coideal TC C P/iV"], 00 ' and JF C 2 <0 ° x 
FIN l<°°]_ Given g e P, A G H and (u,a) G 2<°° x [A]^, we say that 
(Q, A) accepts (n, a) if for every x G and every P G [a, A] there exist 
integers n, m such that (x| n , [P]^) G .P. We say that (Q,A) rejects (u, a) 
if (M, P) does not accept (u,a) for every M G PfQ and B eH\A. And we 
say that (Q, A) decides (u, a) if it either accepts or rejects it. 

Theorem 7. Given a selective coideal Tt C FIN k °°^ and T C 2 <oc x 
FIN k <ao \ there exist P G P and A 6 W suc/i £/ia£ one o/ £/ie following 
holds: 

1. T P x [A][ <0 °] n J r = 0, or 

2. Vx G P VP G (3 n, m G N((x| n , P| m ) G J 27 )). 

Proof. Proceeding as in lemma [2] we can prove that there exists a pair (Q, B) 
which decides every (u, a) G TqX [P][ <0 °] with max(snpp(a)) < \u\ (see lemma 
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2 in [S], lemma 3 in [TO] and theorem 2.4 in [3]) . If (Q,B) accepts (( ) , 0) 
(where ( ) is the empty sequence in 2 <oc ) then part 2 of the theorem holds 
for P = Q and A — B. If (Q, B) rejects (( ) , 0) then we can proceed as in 
the proof of theorem [2] to obtain (R,C) with R G F\Q and C G H\B, and 
such that (R,C) rejects every (u, a) G Tr x [C]' <00 1 with max(swpp(a)) < |w| 
(see lemma 3 in [S] and lemma 4 in [TO])- Hence, part 1 of the theorem holds 
for P = R and A — C. □ 

Theorem 8. For X C 2°° x FJ^°° ] and a selective coideal H on (FIN [ ™\ < 
), we have: 

1. X is perfectly Ti-Ramsey iff it is perfectly Ti-Baire. 

2. X is perfectly Ti-Ramsey null iff it is perfectly Ti-meager. 

Proof. Let X be a perfectly ft-Baire subset of 2°° x FINj^. Fix A G H, 
Q G P and define 

= {(u, 6) G 2<°° x FIN [ k <oo] : Q x [A] [oo] C 

Consider P an d ^4o as i n theorem [7] applied to JF bellow A. If part 2 of 
theorem [7J holds then P x [Bo] ^= ^ an d we are done. Otherwise define 

T x = {(u,b) G 2<°° x [P ] [<oo] : x [P ] M C 

Consider P x and Pi as in theorem [7J applied to T\, bellow P . If part 2 of 
theorem [7J holds, we are done. As in the proof of theorem [33 we can prove 
that part 1 from theorem [7J is not possible. □ 

Proposition 4. The perfectly 7i-Ramsey null subsets of 2°° x FIN^ form 
a a-ideal. 

Proof. Let (X n ) n be a sequence of perfectly Ramsey null subsets of 2°° x 
FINfc*^ and fix P x [a, A]. We can assume a = 0. Also notice that the finite 
union of perfectly Ramsey null sets yields a perfectly Ramsey null set; so we 
will assume (Vn) X n C Af n+ i. Proceeding as in the proof of proposition^] we 
build sequences (Q n ) n C P and (P n ) n C 7i as follows: take Qo C P, P 7^|7L 
such that Qo x [0, Po] fl A" = 0. Suppose Q n , B n have been defined such that 

Q n x [6, P n ] n X n = 
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for every b G [B n ] with max(supp(b) = n. Since X n+ i is perfectly 7i-Ramsey 
null, we can find Q n+ \ C n+1 Q ni and B n+ {H\B n such that 

Q n+1 x [b, B n+1 ] n X n+l = 

for every b G with max(supp((b)) — n + 1. Let Q = HnQ" an d 

.B G 7i be a diagonalization of (B n ) n . Then Q x [0,5] n |J n = ; take 
(x, C)gQx [0, -B] and fix arbitrary n. To show that (a;, C) G" Af n let 6 C C 
such that max(supp(b) = m > n. Then by construction Q x [6, B] fl Af m = 
and hence, since X n C <Y TO , we have (x, C) G" <Y„. This completes the proof. 

□ 

Notice that P is M-like. Then, in virtue of proposition [3j proposition H] and 
Lemma 2.7 of [H] we have the following: 

Theorem 9. IfHisa selective coideal on (FIN^°\ <), then the families of 
perfectly Ti-Ramsey and perfectly Ti-Ramsey null subsets of 2°° x FIN^ 
are closed under the Souslin operation. 

□ 

6 Partition properties 

In this final section, we show that the Ramsey property for coideals (see 
definition [6] above) characterizes the notion of "selective ultrafilter" in the 
context of FIn£°\ Also, we show that selective coideals on (FIN^°\<) 
satisfy a sort of canonical partition property, in the sense of Taylor [16J. 

6.1 Ramsey property 

We shall say that U C FIN^ is an ultrafilter if it is a maximal filter on 
(FIN [ ™\ <). Then we have: 

Proposition 5. Let T be an filter on (FIN^°\ <). Then T is maximal if 
and only if it satisfies: Given A G T and O C [A], there exists Be J, with 
B < A, such that [B] C O or [B] C[A}\0. 
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Proof. (=>) Consider A G T and O C [A]. By Gower's theorem (see |17j ) 
there exists B < A such that [B] C O or [£] n O = 0. Let £ be the filter 
generated by {B} U JF. Since J 7 is maximal, Q = J 7 , hence B E T . 
(<^=) Let ^ be a filter which contains T . Assume that Q \JF ^ and consider 
C G £ \ T. For a given Aef, define O = [A] n [C]. Let 5 < A be such 
that B E J 7 and [5] C C or [5] C [A] \ C. If [B] C C then 5 < C, which is 
not possible since A G T and C G ^ \ T . On the other hand, since B e Q, 
there exists D e Q such that D < R and D < B. Therefore [BjnO^ 0. 
This completes the proof. □ 

Corollary 6. Every ultrafilter on (FIN^°\ <) is a coideal. 

□ 

We say that an ultrafilter IA C FIN^ is Ramsey if it is a Ramsey coideal. 
We have the following: 

Corollary 7. Let IA C FIN^ be an ultrafilter. Then, IA is selective if and 
only if it is Ramsey. 

Proof. In virtue of corollary [6] and theorem H] we only need to prove the con- 
verse implication. So, let IA C FIN^ be a Ramsey ultrafilter and consider 
a (decreasing) sequence (A n ) n C W. Define a partition of c : FIN^ -> {0, 1} 
as follows: 

c((a, 6)) = 1 6 G A maa . (sup p( a )). 

Since IA is Ramsey there exists B EU such that c is constant on [.B]^. Fix 
a G B and let n = max(supp(a)). Let C 6 W be such that C < B and 
C < Ai, and pick 6 G [C] with n < min(supp{b)) . Notice that c((a,6)) = 1. 
Hence c is constantly equal to 1 on [B] ^ , and therefore B is a diagonalization 
of (A n )„. 

□ 

6.2 Canonical partition property 

Let us state the following result due to Taylor [T6] : 

Theorem 10 (Canonical partition theorem; Taylor [IS]). For every function 

f : F/iV -> N 

there exists S G FIN^ such that one of the following holds for alls, t G [S]: 
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i) /(*) = /(*)■ 

ii) f(s) = f(t) min(s) = min(t). 
Hi) f(s) = f{t) max(s) = max(t). 

iv) f(s) = f(t) min(s) =min(t) and max(s) = max(t). 

v) f(s) = f(t) &s = t. 

□ 

The canonical partition theorem can be easily extended to the context of 
FINk as follows: 

Theorem 11. For every function 

f: FIN k ^N 

there exists A G FIN^ such that one of the following holds for alia, b G [A]: 

i) /(a) = /(&). 

ii) /(a) = f(b) min(supp(a)) = min(supp(b)) . 
Hi) /(a) = f{b) <=> max(supp(a)) = max(supp(b)) . 

iv) /(a) = f{b) <=> min(supp(a)) = min(supp(b)) and max(supp(a)) = 
max{supp{b)) . 

v) /(a) = f(b) <£> a = b. 

Proof. Given / : FINk ->Nwe consider the function f\ : FIN — > N defined 
by fi(s) = f{k\s) where Xs is the characteristic function of s. Then apply 
theorem [10] to obtain S = (si, S2, • • • ) G F/iVt 00 ! such that one of (i). . . (v) 
holds for all s, t G [5]. Define Oj := fc% s . an d let ^4 = (ai, a 2 , . . . ) G FIN^°\ 
Then A is as required. □ 

Definition 11. A coideal C FIN^ is said to have the canonical par- 
tition property if for every /: FIN^ — > N there exists 4 6 K satisfying 
the conclusion of theorem [TT1 

We have the following: 
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Theorem 12. If TC is a selective coideal on (FIN^° ,<) then it has the 
canonical partition property. 

Proof. Let /: FIN k -> N and let X be set of all those A e FIN [ ™ ] as in 
theorem [TTJ By corollary X is 7^-Ramsey. Consider A e FIN^ such 
that [0, A] C X or [0, A] n X = 0. By theorem El [0, A] n # ^ 0. Hence 
AgK. " □ 

Corollary 8. Every selective ultrafilter on (FIN^° ,<) has the canonical 
partition property. 

□ 

Final Comment. Taylor's Canonical Partition Theorem (theorem [TU1 
above) is strongly related to the notion of stable ordered-union ultrafilter 
introduced by Blass in pQ. The connection between stability in the sense of 
Blass and selectivity as presented in this work is currently being researched 
by us. 
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